A generically embedded real submanifold of codimension two in a complex manifold has isolated complex points that can be classified as either elliptic or hyperbolic. In this paper we show that a pair consisting of one elliptic and one hyperbolic complex point of the same sign can be cancelled by a C 0 small isotopy of embeddings.
Introduction
Let i : Y → X be a real compact (2n − 2)-dimensional manifold Y, smoothly embedded into an n-dimensional complex manifold (X, J). For p ∈ Y the complex space T C p Y = T p Y ∩ JT p Y is the maximal complex subspace of the tangent space T p Y. In a generic situation, only finitely many points are complex points, meaning that T p Y = T C p Y, and for all other points, the dimension of T C p Y equals n − 2. If Y is an oriented manifold and p ∈ Y is a complex point, the orientation of T p Y can be compared with the induced orientation of T p Y, seen as a complex subspace of T p X. If these two orientations agree, the complex point is called positive, if not, negative. In some local holomorphic coordinates, defined in a neighbourhood U of an isolated complex point p ∈ Y, the manifold Y can be written as
where (z, w) are coordinates in C n = C n−1 × C, z = (z 1 , z 2 , . . . , z n−1 ), and A, B are (n − 1) × (n − 1) complex matrices, B = B T . See [1] . It is easy to check that the value of the determinant of A B B A (1.2) [2] Cancelling complex points in codimension twois always real, and we call the complex point nondegenerate if this value is nonzero. For generic embeddings, all complex points are nondegenerate and thus isolated. Depending on the sign of the determinant of (1.2), we call the complex point elliptic (positive sign) or hyperbolic (negative sign). It turns out that this definition is independent with respect to biholomorphic coordinate change; see [1, Section 3] or [12] . Note that the terms elliptic and hyperbolic here are used differently by Dolbeault et al. in [2, 3] . The main result of this paper is the following theorem.
T (Cancellation theorem). Let i : Y → X be a real compact (2n − 2)-dimensional manifold Y, smoothly embedded into an n-dimensional complex manifold X. We assume that the embedding is generic, so that complex points are isolated. Let p, q ∈ Y be a pair of complex points, one elliptic and one hyperbolic, and let γ ⊂ Y be an orientation-preserving smooth arc connecting p and q. Let d be some metric on X. Then for any neighbourhood U of γ and any ε > 0, there exists an isotopy
(iii) the set of complex points of i 1 (Y) equals the set {y ∈ Y; y is a complex point of i(Y)} \ {p, q}.
The theorem is new for n ≥ 3. For n = 2 it was proved by Eliashberg and Harlamov in [4] . The most elegant proof in n = 2 was given by Nemirovski in [10] , but that proof does not seem to adapt nicely to higher dimensions. If Y is nonorientable, then the obstruction to orientability comes from some handle (or more than one) in a handle decomposition of Y. So any two complex points on Y can be connected by an orientation-preserving smooth arc, since, if needed, we can always add an extra loop across such a handle to change the orientation. Using the above theorem, we get the following result. C 1.1. Let i : Y → X be a real connected nonorientable (2n − 2)-dimensional manifold Y, smoothly embedded into an n-dimensional complex manifold X. Then any pair consisting of an elliptic and a hyperbolic complex point can be cancelled by a C 0 small isotopy of embeddings.
Now let Y
2n−2 → X n be an immersion with Y compact and orientable. For immersions, complex points are defined exactly the same as for embeddings, or we can equivalently think of Y as actually being embedded as a zero section in its normal bundle NY. We denote by e ± (Y) the number of positive (negative) elliptic complex points on Y and by h ± (Y) the number of positive (negative) hyperbolic complex points on Y.
The numbers I ± (Y) are called Lai indices (see [9] ) and can be expressed by the formula E. If Y ⊂ X is a nonsingular compact complex hypersurface in a complex manifold X, then after a generic smooth perturbation, it has only isolated complex points. If this perturbation is C 1 small, then all complex points are positive, since the orientation of the tangent bundle of Y is the induced orientation from T X. So 
The smallest value of I + is achieved at d = −1 and d = −2 and is equal to 1. The first case corresponds to Y being the exceptional hypersurface in the blow-up of a point. So the exceptional CP 2 in the blow-up of a complex 3-manifold at a point can be deformed by an isotopy to have only one elliptic positive complex point, and no negative complex points. One can also show this in higher dimensions. When d = 1, we get I + = 7. So the standard CP 2 ⊂ CP 3 can be deformed to have seven positive complex points, all of them elliptic, and no negative complex points.
Proof of cancellation theorem
Let γ : [0, 1] → Y be an orientation-preserving arc connecting two isolated complex points p, q ∈ Y. If needed, we can deform the arc slightly so that p and q are the only complex points on γ. For dimension reasons, we can further assume that for t ∈ (0, 1), γ is transverse to T C γ(t) Y. The first part of the proof closely follows the first part of the proof of the analogous theorem in dimension two in [6] or in [7, Theorem 9.5.1]. The goal here is to construct an appropriate complex basis of T X in a neighbourhood of γ, and use it to essentially prescribe a holomorphic diffeomorphism in a neighbourhood of γ into C n , so that the image of Y becomes a graph over a domain in C n−1 . In a neighbourhood of γ in Y we choose smooth vector fields Z 1 , . . . , Z n−2 , Z n−1 , Z, so that Z 1 , . . . , Z n−2 form a complex basis for T C γ(t) for every t ∈ (0, 1), Z n−1 is tangent to γ, and Z 1 , . . . , Z n−2 , JZ 1 , . . . , JZ n−2 , Z n−1 , Z are real independent. We can smoothly extend these vector fields to a neighbourhood of γ in X. Now let V be any vector field defined in a neighbourhood of γ in X that is C independent of Z 1 , Z 2 , . . . , Z n−1 . We have
where a 1 , a 2 , . . . , a n−1 , b are some complex functions. Along γ, the only zeros of b are at p and q. Since γ is orientation-preserving, the orientation of the basis Z 1 , JZ 1 , . . . , Z n−2 , JZ n−2 , Z n−1 , Z compared to the orientation of Z 1 , JZ 1 , . . . , Z n−1 , JZ n−1 must be the same at both p and q, implying that Im a n−1 is of the same sign at p and q. We can assume that the sign is positive. Now let W = −imbZ n−1 + V for some large enough positive m. W is again C independent of Z 1 , Z 2 , . . . , Z n−1 and
If m is large enough, Im (a n−1 + im|b| 2 ) is positive on all of γ. On a small neighbourhood U of γ in X, we can define a diffeomorphism F : P. The first part is trivial. For the second part, let us assume that a = 0. Since we assume that ∂ f (a) = 0, we can locally near a write
, for some n × n complex matrices A, B, C and some b ∈ C n . (We can get to the expression (1.1) if we holomorphically change the variable w to
To calculate the sign of the intersection with the zero section at 0, we need to calculate the determinant of the real Jacobian of F at 0. Let A = A 1 + iA 2 , B = B 1 + iB 2 and z = x + iy, where A 1 , A 2 , B 1 , B 2 are real n × n matrices and x, y ∈ R n . The Jacobian at 0 equals
. A simple matrix manipulation gives us
So the sign of the intersection with the zero section corresponds to the sign of the determinant in the definition of elliptic and hyperbolic points.
We now complete the proof of the theorem. By assumption, the graph of f : D → C has one elliptic and one hyperbolic point. Using the previous lemma, the section ∂ f intersects the zero section at two points of opposite sign. The intersections can thus be removed using the Whitney trick, so we can add a smooth (0, 1) form α, compactly supported in D, so that ∂ f + α has no zeros on D. Let G : D → C n be the map G(z) = (z, f (z)). The derivative
can be deformed by a homotopy H t = (dz 1 , dz 2 , . . . , dz n−1 , d f + tα) covering the embedding F. Since ∂ f + α is never zero on D, the end map H 1 = (dz 1 , dz 2 , . . . , dz n−1 , ∂ f + ∂ f + α) never maps T z D to a complex subspace of T F(z) C n . We can apply the relative version of the h-principle of Gromov for co-real embeddings, [8] or [5] , to get an embedding F 1 : D → C n that is C 0 close to F and agrees with F near the boundary of D. This completes the proof.
